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ABSTRACT

Distance sets of large sets of integer points are studied in dimensions at
least 5. To any € > 0 a positive integer Q. is constructed with the following
property; If A is any set of integer points of upper density at least €, then
all large multiples of Q2 occur as squares of distances between the points
of the set A.

1. Introduction.

A result of Furstenberg, Katznelson and Weiss [FKW] states that if A is a
measurable subset of R? of positive upper density, then its distance set: d(A4) =
{lt —y| : z € A, y € A} contains all large numbers.

Our aim is to prove a similar result for subsets of Z" (n > 4) of positive
density e, namely that: d?(A) = {|{m — 1| : m € A, | € A} contains all large
multiples of a fixed number @2, which depends only on the density € and the
dimension n.

Note that one cannot take Q. = 1 as the set A may fall into a fixed congruence
class of some integer ¢, and if ¢ < e~ /" then such a set A would have density
q~" > ¢, and all elements of d?(A) would be divisible by ¢>. Moreover, this
implies that Q. divides Q., where Q. is the least common multiple of all ¢ <
e~/ In particular, by the prime number theorem Q. > Q. > exp(ce= /™)
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with some ¢ > 0. The number Q. we construct will be similar and will satisfy

the upper bound: Q. < exp(C, 5*6/7%4)

, where C), is a constant depending
only on the dimension n.

Such results are impossible in dimensions n < 3. Indeed, even if one takes
A = 7", the equation: d = |m — [|? has no solution if d = 4%(8k + 1) by Gauss’
characterization, however, every number has multiples of this form. We prove
our result in dimensions n > 5 leaving the case n = 4 open.

A corollary is that the gaps between consecutive distances d < d’, d, d’ € d(A)
satisfy: d —d < C.d~'/? where ¢ denotes the upper density of the set A.
Distance sets of discrete subsets of R™ have been studied before, in [IL] it was
shown that the gaps between consecutive distances from discrete subsets A of
R? tend to 0, if A has a point in every square of size /5. In fact, this was proved
more generally when the distances are associated to convex sets, see also [K]
for similar higher dimensional results. Our proof may be generalized when the
distances are defined by certain positive homogeneous polynomials, however we
do not pursue such generalizations here.

2. Main results.

We say that a set A C Z™ has upper density at least e, and write 6(A4) > ¢, if
there exists a sequence of cubes Bg; of sizes R; — oo, not necessarily centered
at the origin, such that

(2.1) |AN Bg,; | > e R} for all j,

where |A| denotes the number of elements of the set A. As usual Z" denotes
the integer lattice and N stands for the natural numbers.

THEOREM 1: Let n > 5, € > 0 and let A C Z" such that §(A) > e.
Then there exists Q. € N depending only on ¢, and Ay € N depending on
the set A, such that

(2.2) M2 e d?(A)={m—I? - meA, lec A}
for every A > A 4.
In fact, a more quantitative version will be proved

THEOREM 2: Let n > 5, € > 0. Then there exist a pair J.,Q. € N depending
only on €, such that the following holds.
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If 0 <X <X <---< Ay, is any sequence of natural numbers with Aj 1 >
10); and if A C Z" N\ By, such that |A| > eR" and R > 10\}/*, then

(2.3) 3j <J. such that \;Q? € d*(A)

It is clear that Theorem 2 implies Theorem 1. Indeed, let € > 0, J., Q. as
in Theorem 2. If Theorem 1 does not hold for Q., then there is a set A C Z™
with upper density d(A) > ¢ and infinite sequence A; such that 10)\; < Aj41
and \;Q? ¢ d*(A) for all j. Choosing a cube Br with size R > 10)&,12 such
that |A N Br| > eR™ contradicts (2.3).

It will be convenient to introduce the following terminology; a triple (g, Q, J)
is called regular if the conclusion of Theorem 2 holds for that triple. It is clear
that the triple (1,1,1) is regular as every positive integer is the sum of 5 squares,
and also the regularity of (e, @, J) implies that of (¢/,Q, J) for e <&’

Thus it is enough to show that for each e = (9/10)% there exists a pair of
natural numbers Qy, Ji such that (eg, Qg,Ji) is regular. This will be shown
by induction on k, constructing Qr = Qr_1gx and Ji recursively to ;. The
point is that induction will enable one to assume that A is well-distributed in
the congruence classes of a fixed modulus ¢, to be chosen later.

Indeed for s € Z", let Ay, s = {m € Z" : gum + s € A}. If there is an
s such that the density 6(Aq, s) > ex—1, then by induction it follows that
AQ7_, € d*(Ag,s) for all large A, and hence A\Q7 € d*(A). Thus one can
assume that §(A) > e, but §(Ay, s) < ex—1 = (10/9)ey, for each s € Z™.

Our proof was motivated by the short Fourier analytic proof of the Fiirsten-
berg-Katznelson-Weiss theorem given in [B]. The starting point is to express
the number of pairs m € A, | € A such that |m —[|> = X in the form

N(AN) = ZlA(m)lA(l) ox(m—=1)=(1a,14%0))
m,l

where 14 denotes the indicator function of the set A and o stands for that of
the of the set of integer points on the sphere of radius A/2. Thus by Plancherel

(2.4 NN = Ladaon) = [ L@ Por© de,
where
(2.5) Ga(€) = Z e2mim-g

[m[2=A

is the Fourier transform of o, and IT" denotes the n-dimensional torus.
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Note that [G(€)] < 6x(0) < A*/21 for n > 5, using the well-known fact in
number theory, that [{m € Z" : |m|> = A\}| < X2~ Thus if A C Bp then
by (2.4):

(2.6) N(A,\) S JANY27E < RrAm/2 7L

Here A < B means that A < ¢, B with a constant ¢, > 0 depending only on
the dimension n, and whose exact value may change from place to place.

The behavior of the exponential sum 6 (€) is described in [MSW] and summa-
rized in the asymptotic formula (3.3). We will use the fact that it is concentrated
near rational points of small denominator. More precisely, given € > 0, there is
a Q. € N and a A\; > 0 depending only on &, such that for A\ > A,

|62 (6)] < e3az—L if € —1/Q.) > £—6/(n=1) \~1/2

for every rational point I/Q., | € Z™. This implies

en [ laerae <1 =3 B 1/Q.) )|d§ < SR/
" lezn
where 0 < ¢1(€) < 1 is smooth cut-off function, such that ¢1(0) = 1 and is
supported on the ball |¢| < e=6/(»=1) \=1/2_ This will be proved in Section 3.
In Section 4, we prove our key estimate, namely that if A C Bg, |A| > eR"™
and if A is uniformly distributed in the congruence classes of a certain modulus
s, then

@8) [ Ha©OPR© X R -1/Qd 2 SR

lezn
where 93 is a smooth function whose Fourier transform 7,/;/2\ (£) is supported on
€] S A2
Now assume that, in the settings of Theorem 2, N(A,\) = 0 for each
A=XQ? (J./2<j<.J.). Using the decomposition

1= (1= Ede-1/Q0 ) + X e~ 1) + X dn(e - 1)

lezn lezm lezm

n (2.4), it follows from (2.7) and (2.8) and from the uniform bound: [6,(§)| <
A"/2=1 that

(2.9) / Al

d¢ > 3R™,

2) " oA —1/Qe)

lezn
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where ¢ (£) = 3 (€) — 13 () is a smooth function essentially supported on the
annulus:

)\71/2 S |§| < 576/(7171) )\71/2.

Thus the supports of the integrands in (2.9) for well-separated values of A =
A\;Q? are (essentially) disjoint, and hence the sum of the left side (2.9) over such
j's would be bounded by [;;. |14(€)]? dé = |A| < R™ which contradicts (2.9) if
Je is chosen large enough.

3. Upper bounds.
In this section we prove the upper bound (2.7), which is an easy corollary of
the following asymptotic formula, proved in [MSW] (see Proposition 4.1):

(3.1) 6a(8) = wu A2 1Zm AE) + E(E,N) where sup|E(EN)] < A4
13

and the main terms are of the form

(3:2) mpa(€) = D Sk A) ¢ — k) do(\/2(§ — /1))
keZn

Moreover, by the standard estimate for Gauss sums

" i als2=2)ts:t Aol
(3.3) 1S (k, 7, \)| = DI

(a,r)=1s€Zr

< ,r—n/2+1.

The cut-off function ¢(§) is supported in a small neighborhood of the origin,
and the Fourier transform of the surface area measure of the unit sphere satisfies

(3.4) 45(6) < (1+ |gl) /@,

Proposition 1: Let n > 5, € > 0 and ¢ > 0 be given. Then there is a constant
C,, > 0 depending only on ¢ and the dimension n, such that the following holds.

If Q € N is such that r divides Q for all r < C,e =% moreover if
A > C,e 12/0=% and ¢ € II" satisfies

(3.5) € —1/Q| > Cp e 0/ =DAT2,
for all [ € Z™, then one has

(3.6) |62(8)] < ceBA/27L,
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Proof. By equation (3.1), one has for n > 5
(3.7) |E(E,N)] < en A4 < (¢)3) 3271

if A > C, e~ 7= and C,, is large enough with respect to c¢1, ¢ and n. There is
at most one non-zero term in the expression for m, »(§), hence by (3.3)
(3.8) D Imea(©)] < 2K T2 < (¢/8)
r>K
if one chooses K > C,, e~ 6/(n=4),
If @ is such that r divides @ for all » < K, then every rational point k/r can
be written in the form [/Q, then (3.4) and (3.5) implies

(3.9) > Imea(©)l < o3 max INV2(6 —k/r)|~ (D2 < (¢/3) &P
r<K

The Proposition follows by adding (3.7)—(3.9) |

In what follows, C,, will denote a large enough constant of our choice, which
guarantees the validity of certain inequality, and whose exact value may change
from place to place.

The above estimate shows that & (£) is uniformly small on the complement
of the neighborhoods U; = {¢ : |¢ —1/Q.| > C,, e~/ (=D \=1/2} Thus it can
be used to bound the contribution of this set to the integral N (A, A) given in
(2.4). To be more precise, let A C Br such that |A| > eR™, and let ) > 0 be a
smooth function satisfying

(3.10) 1=9(0) > () >0 forall ¢ and suppd) C [—1/2,1/2]".
For @Q € N and L > 0 define the following expressions

(3.11) Nl(A,)\,Q,L):/H 4P 6a(¢ (1—21/} —l/Q)))d

lezm™
Na(A QL) = [ TP on(©) 3 9(L(E - 1/Q) e
lezn

Lemma 1: Let € > 0 and ¢ > 0 be given. Then there is a constant C,, > 0, such
that if Q € N is a multiple of all r < C,, e~ 8/(»=% moreover, if L > C,, Q and
A > C,e12/(n=1)=312 then

(3.12) IN1(A, )\, Q, L)| < ee3\/271R™,
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Proof. Since [, [1a(€)[?dé = |A| < R™ it is enough to show that

(3.13) sup |ox(€ ‘1 - > (L Z/Q)‘ < celAn/?t

gemr lezy,

Note that the supports of the functions 1/;([4(5 —1/@)) are disjoint for different
values of [, thus if there is an [y such that: [£ —1p/Q| < 1 e2 L1, where ¢ is

small enough with respect to ¢, then

1= Y G - Q)| = 1 = (L~ 1o/ Q) < 2

lezn
using the fact that |1 — (n)| < |n|? and (3.13) follows. In the opposite case:
1€ =1/Q| > c1e¥2L7" > Cpe~ 7T A~1/2,

for alll € Z™, by the assumptions on L and A, and (3.13) follows from (3.6). |

4. Lower bounds.

In this section we prove the lower bound (2.8). We start by proving an analogous
estimate in the settings of the group of congruence classes of the modulus Q:

= (Z/QZ)" . Let € > 0 and let ¢, @ € N such that ¢ divides Q. Let
L — [0,1] be a function satisfying the following two conditions

(4.1) S fm)= =

mezg
and for each s € Z’é
10e .,
(4.2) Z flgm+s) <—Q
T)’LEZ%

Note that if f is the characteristic function of a set A C Z’é then by equation
(4.1) the density of A is at least 4¢/5, while by (4.2) the density of A is at most
10£/9 in any of the congruence classes of the modulus q. We say that the set
A is well-distributed in these congruence classes. For A € Z we consider the
following quantity:

(4.3) N=N(fQN= > fm)fm-1wrq),

m, lEZ"
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where the function: wy,q : Zg) — N is defined by
(4.4) wrol)={keZ": k> =), k=1 (mod Q)}

that is the number of lattice points of length A\'/2 which are congruent to [
modulo Q. We will make use of the Fourier transform on Zg:

:Ze m)

meZg

and note that

(4.5) Wr g (s) = Z e =52(s/Q).

kezZn, |k|2=A

Lemma 2: Let 0 < 5 < 1 and let ¢, @, \ be positive 1ntegers such that k divides
g forall k < Cpe == = , ¢ divides Q, and A > C,, Q%™ =~ =8

If f: Z¢ — [0,1] is a function satisfying (4.1) and (4.2) then for C, large
enough, one has
(4.6) N(f,Q.\) > cA"271Qre?,

where ¢ > 0 is a constant depending only on the dimension n.

Proof. Using the Fourier transform on Z%, similarly as in (2.4), one has

N =N(f,Q A = —Z|f 26:(s/Q).

SEZ"

Write @ = @19 and decompose the summation into two terms according to
whether Q1 divides s;

Z 1F(Q1s1)1? 67 (51/q) + ZIf 26:\(s/Q) =M + E.

Q S1ELyY Q1fs
Here the main term M is obtained by writing s = ()1s; where s; is running
through Z7. Let f,: — [0, 1] be defined by:
=Q" Y f(m+qk),
k€LY,

that is the average of f over the congruence class of m with respect to the
modulus ¢g. Then fq(s) = Ql_”f(le), thus by equation (4.5) and Plancherel

2n
41 M= S fs)Rorsi/a) = @ S fulm)ful)wng(m —1).

Qn
S1 EZ" m IEZ"
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Note that (4.1) and (4.2) is equivalent to

@8 Y Az T ad g0

mEZI}

If G={meZy: fy(m)>¢e/10} then the sum of f,(m) for m ¢ G is at most
q"e/10 thus by (4.8)

(4.9) &1 = 152 10 Z falm) 2 100

Hence for every | € Zg,

10e

5 for all m € Z.

2

g2 €
-0 > — l —q".
mgz:m fq(m) fq(m )_ 100|G0(G+ )| > 500‘1

Substituting back to (4.7) one has

EQQn €2Qn
4.1 M > )= —"5 > ¢, Qe \/21
(4.10) > ZGZanA,qU o7 2 (0) > ca Qe :

where the constant ¢, > 0 depends only on the dimension n.
Now let C,, be chosen as in Proposition 1. with respect to ¢ = ¢, /2. If @1
does not divide s, then for every [ € Z"

Z_Z >_>€ =t
3l

The conditions of Lemma 1. are satlsﬁed, thus
c n
635/ Q) < L N3,

hence by Plancherel |E| < 2 eQ"A"/27!, and the lemma follows with
c=cp/2. 1

Next, our aim is to reduce estimate (2.8) to that of (4.6). First, one has

Proposition 2: Let Q, A € N and let L > A/2. Then one has

(411)  Ny(A,XQ.L) >, Q"L Y S ) La(m —Dwxo(1).
mezZnr  cleZ™
< VAL

Proof. Define the distribution dg by

(6, 0) = > Q" o(Qm),

meZ"
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then by Poisson summation
(4.12) (60, 0) = = ¢(1/Q).
lezn
Thus by Plancherel

NQ(Aa >‘5 Qa L) = <1A; iAa—A(d;L * SQ» = <1Aﬂ 1A kO K (1/)[/6@»5
where ¢, (z) = L™™p(xz/L). If | € Z™ such that |I| < y/nL then
oxx (Yr6Q) (1) = Y oa(k) Ll — k) 6ol — k)

keZn
>, QLT Y aa(k) = eaQ LM wao(0).
k: Ql—k
Indeed, if oy (k) # 0, then |k| = AY/2 < L; hence |l — k| < (y/n + 1)L and
Y, (Il —k) > ¢, L™™. This proves the Proposition. ]

Assume that R > 10A'/2, choose L such that A'/2 < L < 2AY2 and R/L is
an integer. Divide the box Bpg into R™/L™ boxes By, (j) of equal size L, and let
F denote the set of boxes in which the density of A remains large:

(4.13) ]—‘:{j:|AmBL(' | > (4¢)/5 L"}.

It is easy to see that |F| > f Ln . If f; denotes the characteristic function of
the set AN B (j), then by (4.12)
(4.14) No(ANQ L) > ey QLY Y fi(m) fi(m = Dwaq(l),
JEF m,leZn
since the diameter of each box Bp,(j) is at most v/n L.

The function wjy g is constant on the congruence classes mod @, hence the

inner sum in (4.15) can be written in the form

L2n
Q2n fiq(m) fjo(m —wx q(l) where
m,lEeLE
fia(m Z [i(Qk +m) = —:|{m’€AﬂBL(j):m’Em(mod Q)}

kezn
If one assumes that A N Br(j) is well-distributed in the congruence classes
mod ¢, that is if for every s € Z™ and j € F

(4.15) ZfL (gm+s)=|{meANDBL(j): m=s (modq}|<—q—
mezg



Vol. 164, 2008DISTANCE SETS OF LARGE SETS OF INTEGER POINTS 261

then the functions f; o satisfy (4.1) and (4.2)

" 4
> fralm)= L 1an B > F Q"

meZg

> fialam+s) =LY gk +s) < Q"

mEZg keZm

If the parameters ¢, @, A satisfy the conditions of Lemma 2, then from (4.6)
and (4.15) one obtains the lower bound

(4.16) Ny(A, N, QL) > ¢, Q"L"|F|2Q A2 7! > ¢ e®RMAZ L.

5. Proof of Theorem 2.

We are in a position to apply an induction argument to prove our main result.
Let eg = Qo= Jop=1and for k =1,2,..., define

__6_
(5.1) £k = (9/10)k , Q= |:Cn €L n'4:| Il and Qk = Qka—l-
Moreover, we define Jj, be the smallest integer satisfying

(5.2) Jp >2Jp 1+ Crlog Qr + Cp, 5,23 log (5;1),

where [ | stands for the integer part, and M!! denotes the least common multiple
of the natural numbers 1 < m < M. Here, C,, > 0 is a large constant to be
chosen later. Note that, by the prime number theorem, it is easy to see that
log (Qk) < 5;6/7%4 <&, if n > 6, hence in that case the second term of (5.2)
may be omitted.

We prove by induction that (e, Qk, Ji) is regular for all k in the sense de-
scribed in the introduction. So assume on the contrary that (ex—1, Qx—1, Jx—1)
is regular, but (ex, Qk, Jx) is not. Then there exists a sequence: A1, Az, ..., Ay,
with 10); < Aji1 a cube Bp of size R > 10A}/%, and a set A C B with
|A| > e R™, such that for all 1 < j < Ji

(5:3) X Qi ¢ d*(A).

First we show that for every L > (A, /2)'/2 Q) and for every cube By, C Bg
of size L and s € Z", one has

10e L™
(5.4) |A'|:|{mezn:qkm+seAmBL}|ZT€q—n.
k
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Indeed, otherwise the set A’ is contained in a cube Bpr: of size R’ = L/qy, of
density at least ex_1. Since R’ = L/qr > )\(1,22/2 > 10)\.112271, by induction, there
is a j < Ji_1 such that: \;Q% | € d?(A’). Then \;Q7 ,q; = \;jQ% € d*(4)

contradicting our indirect assumption.

Let Ji/2 < j < Ji. To get in agreement with the notations of the previous
sections, let € = e, ¢ = q, @ = Q. If the constant C,, is chosen large enough
then, by (5.1) and (5.2), the conditions of inequality (3.12) are satisfied for
A=XQ% and L' = Ly = 0AY/? with § = 5"~ D+3/2 Thus

(5.5) Ni(A N Q, L) < %‘ eSRmAM21,

Let AY/2 < L; < 2)1/2 be chosen such that R/L; is an integer. Then inequal-
ity (4.17) applies with L = L;, thus
(5.6) No(A N, Q, L) > ¢, e3Rm"AY/?7L,

By our indirect assumption, N (A, ) = 0 for each A = \;Q?, J/2 < j < J.
We decompose the integral N (A, \) into three terms, as described in the intro-
duction

(5.7) N(AN) = N1 (AN Q, L) + Na(A, N\, Q, L) + N3(A, N\, Q,L, L),

where N3(A, A\, Q, L, L) is defined by the above equation. Thus by (5.5) and
(5.6) one has

(5:8) INa(A,%,Q% Lj, L) :‘/Hnli/a@)ﬁ&x(e)@j(@dg > SR,
where
(5.9) O;(8) = > DL€ -1/Q) — V(L€ —1/Q)).

lezm

Note that the integral N3(A, \;Q%, L;, Lj) captures the contribution of the
region: {¢ : L;l <lE-1/Q| < 5‘1L;1, l € Z"} to the integral N(A, \). Since
|62 (€)] < A2~ one has

(5.10) Mali) = [ A@PIRO)] > 0 cR

On the other hand, the integrands are essentially supported on disjoint sets,
in fact one has

(5.11) Y 12595 log(e7h)

Ji /255 < T
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which implies
(5.12) > Na(j) S log(e )R™
Ji /2S5 < Tk
This clearly contradicts (5.10) as Jj has been chosen to satisfy:
Ji > Cre?log (e )

with a large enough constant C,,. Finally, to see (5.11) first note that the
functions:
Yo DLSE-1/Q) —d(Li (€~ 1/Q))
I /2<5< Tk
have disjoint supports for different values of [. Thus it is enough to show that
for fixed I, for n =& —1/Q:

S W) =) S D min(Llnl, 1)

T /2<5< Ty jo Linl<1
SO L+ >, 15 log(eh).
j: Ljln|<1 j: 1<Ljln|<é—1

This follows using the properties of ¢ given in (3.10) and the fact that
L; < 0L;. We have reached a contradiction to our indirect assumption and
Theorem 2 is proved. |

It is not hard to estimate the size of (). for any given ¢ > 0. Indeed if
er < & < €r_1 then we take Q. = Q. Now Qr = Hle q where ¢ = M;!! <
exp (C,, 5;6/ ", Tt follows Q. < exp (C,, e~/ ™%) for some constant C,, de-
pending only on the dimension n.
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